This paper reports an advanced study of the excited ionic states of the gas-phase nitrogen molecule in the binding-energy region of 22-34 eV, combining ultrahigh-resolution resonant photoemission (RPE) and ab initio configuration-interaction calculations. The RPE spectra are recorded for nine photon energies within the N 1s ! Ã absorption resonance of N 2 by using a photon bandwidth that is considerably smaller than lifetime broadening, and the dependence on excitation energy of the decay spectra is analyzed and used for the first assignment of 12 highly overlapped molecular states. The effect on the RPE profile of avoided curve crossings between the final N þ 2 ionic states is discussed, based on theoretical simulations that account for vibronic coupling, and compared with the experimental data. By use of synchrotron radiation with high spectral brightness, it is possible to selectively promote the molecule to highly excited vibrational sublevels of a core-excited electronic state, thereby controlling the spatial distribution of the vibrational wave packets, and to accurately image the ionic molecular potentials. In addition, the mapping of the vibrational wave functions of the core-excited states using the bound final states with far-fromequilibrium bond lengths has been achieved experimentally for the first time. Theoretical analysis has revealed the rich femtosecond nuclear dynamics underlying the mapping phenomenon.
I. INTRODUCTION
Our current knowledge of very distant objects such as stars, galaxies, the interstellar medium, and extraterrestrial planetary atmospheres is, with only a few exceptions, obtained from their spectra recorded on Earth or by satellite-based, airborne instruments. The interpretation of these measurements requires, among other things, a detailed understanding of the processes of photoabsorption, photoionization, and light emission, as well as of light-induced dissociation and chemical reactions of the relevant molecular species. Nitrogen molecules and ions play a key role in planetary atmospheres, in particular, in those of Earth, Triton, and Titan. Owing to its prebiotic character, Titan's atmosphere has attracted an impressive amount of observations and studies, e.g., the recent in situ measurements made by the Cassini-Huygens robotic spacecraft. With the help of sensitive ionospheric models, it has been proven that, with the exception of barrierless processes, room-temperature laboratory measurements can be directly used for the detailed study of the light-induced dynamics in such planetary ionospheres [1] . Tracking the photoionization-induced dynamics is especially important for the understanding of the photochemical reactions [2] and of the dissociation dynamics [3] , not only in the atmospheric chemistry of planetary systems [4] but also in radiation chemistry [5] . Moreover, even though the reactivity of electronically excited ionic states seems to play a secondary role in the current models, such states could have an impact in more refined simulations. Indeed, experimental studies have indicated a strong influence of electronic, as well as vibrational, excitation on ionospheric ion-molecule reactions [6, 7] .
Laboratory-based spectroscopy of excited molecular ions [8] is much more difficult to perform than that of stable molecules due to the lower concentration of the ions produced in plasma sources [9] . However, in the case of singly ionized molecules, one can use photoionization and the analysis of the kinetic-energy distribution of the emitted photoelectrons to study excited ionic states in the framework of photoelectron spectroscopy [5, 10] and resonant photoemission (RPE) spectroscopy [11] [12] [13] [14] [15] . In the present investigation, we combine ultrahigh-resolution RPE measurements performed at the PLEIADES beam line (SOLEIL Synchrotron) with accurate ab initio configuration-interaction (CI) calculations of the molecular potentials and of the nuclear wave-packet dynamics that account for the nonadiabatic, vibronic coupling between the final electronic states. The powerful synergy of sophisticated experimental and theoretical methods has allowed us to make a detailed analysis of molecular states, thus emphasizing the full potential of the resonant x-ray spectroscopies. We focus here on the highly excited states of the molecular nitrogen ion in the energy range of 22-34 eV relative to the ground state of the neutral molecule. This binding-energy range has been addressed extensively in the literature by electron spectroscopy [10, [16] [17] [18] [19] and by ab initio methods [10, 18, 20, 21] . Some electronic states (such as 2 2 AE þ u , 2 2 Å g , 2 2 Å u , and 3 2 AE þ g ) were well characterized using photoelectron spectroscopy, although this technique is not applicable to some other states in that energy range due to the low magnitude of the corresponding matrix elements. Moreover, due to the high localization of the ground-state vibrational wave function, conventional photoelectron spectroscopy only gives access to a rather limited range of ionic bond lengths around the equilibrium internuclear distance of the ground state defined by the Franck-Condon region [22, 23] .
Unlike direct photoemission, resonant photoemission consists of the Auger decay of a core-excited state that results from an electronic transition below the threshold. The Coulomb transition matrix elements for such a resonant process differ significantly from those for direct photoionization, allowing observations to be made of many excited ionic states that are dark in the nonresonant photoelectron spectra. Thanks to the high spectral brightness available at modern synchrotron radiation x-ray beam lines, we are able to promote the molecule to highly excited vibrational sublevels of the intermediate electronic state, thus controlling the spatial distribution of the nuclear wave packet [24] [25] [26] [27] [28] [29] . Taking advantage of RPE spectroscopy over conventional photoelectron spectroscopy, we have recorded spectra for nine excitation energies across the N 1s ! Ã resonance. The dependence of the finalstate vibrational structure on the excitation energy has been used for the final electronic-state assignments and reconstructions of potential-energy curves. Nuclear wavepacket propagation beyond the Born-Oppenheimer approximation is performed for the nonadiabatically coupled potential-energy curves (PECs), and its influence on the RPE profile is discussed. The dissociative final states of the resonant x-ray scattering process allow the vibrational wave functions of the core-excited state to be mapped using the reflection principle [30] . In the present paper, we demonstrate the possibility of the mapping of vibrational wave functions using nondissociative final states with considerably elongated equilibrium bond lengths. The analysis of the time-dependent evolution of the vibrational wave packets that belong to these final states can explain the spectral structure at various excitation energies and points to the possibility of controlling the coupled, ultrafast, electron-nuclear dynamics through the x-ray energy. This integrated approach, based on the combination of state-of-the-art experimental and theoretical methods that are illustrated here for the N 2 molecule, is also applicable to studies of the excited ionic states of other diatomic and small polyatomic molecules of interest in astrophysics, ionospheric chemistry, or plasma physics [31, 32] . It is worth noting that, unlike previous studies where ab initio calculated spectra have been compared to vibrationally resolved, isolated electronic-state spectra (see, for instance, [15, 33, 34] ), in the present case, the full range of the highly resolved RPE experimental spectrum containing several overlapping electronic states is compared to full ab initio calculations with the effects of vibronic coupling taken into account.
The paper is organized as follows. The experimental details are described in Sec. II, and the theoretical framework is explained in Sec. III. The analysis of the results and the comparison between the experimental and the theoretical spectra can be found in Sec. IVA. The effect of the vibronic coupling between final states on the spectral structure is discussed in Sec. IV B. The procedure of PEC imaging that exploits the scattering via highly excited vibrational sublevels of the intermediate N 1s ! Ã state is presented in Sec. IV C. Section IV D is devoted to the observation of the mapping of vibrational wave functions using bound final states, while Sec. IV E describes the time-dependent analysis of the corresponding vibrational wave packets. Our findings are summarized in Sec. V.
II. EXPERIMENT
The experiment was performed at the PLEIADES [35] beam line at the SOLEIL national synchrotron radiation facility in France. Details of the beam line can be found in [34, [36] [37] [38] . The beam line uses two quasiperiodic undulators with periods of 256 and 80 mm to cover the energy ranges of 7-400 and 35-1000 eV, respectively, with variable polarization starting from 55 eV. Monochromatic light is obtained from a plane grating monochromator with no entrance slit. Four gratings with varied line spacing allow us to select the photon energy and the resolution and flux required to meet the experimental needs. The gratings have varied groove depths in the direction perpendicular to the axis of beam propagation, which allows the grating diffraction efficiencies to be optimized over the whole energy V. KIMBERG et al.
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range. An ultimate resolving power of approximately 10 5 is achievable at 50 eV. The measurements are performed using a 30 VGScienta R4000 electron spectrometer with a wide-angle lens installed at a fixed position on the line, with the axis of electron detection perpendicular to the plane of the storage ring. The polarization vector of the incident x-ray photons is set to the magic angle of 54:7 with respect to the axis of electron detection. Pure nitrogen gas (99:998%) from Air Liquide is used to fill a differentially pumped gas cell equipped with a series of electrodes that allow us to compensate the local electric fields (so-called plasma potentials) associated with the ion-density gradient created along the axis of beam propagation within the gas cell. Accurate adjustment of these compensation voltages, whose absolute values typically range between 0 and 5 V, is a particularly demanding task when ultrahigh-resolution measurements are performed, as in the present case. The adjustment procedure consists of optimizing the electron line shapes by observing them on the electron detector's CCD camera. Gas pressure in the gas cell is not measured directly but is estimated to be about 2 to 3 orders of magnitude larger than that in the spectrometer vacuum chamber. The latter is kept constant at around 10 À5 mbar during all the measurements and is continuously monitored.
A high-resolution grating with 2400 lines=mm is used with a monochromator slit of 40 m for all the measurements, corresponding to a photon bandwidth better than 20 meV at 401 eV. For these experimental conditions of light polarization and for a resolving power of 20 000, the measured photon flux is typically 1:1 Â 10 10 photons=s. The electron spectrometer is operated at a pass energy of 20 eV using a curved slit of 300 m, providing a theoretical kinetic-energy resolution of 15 meV. The spectra are additionally broadened by the well-known translational, and recently described, rotational Doppler broadening [39, 40] due to the thermal motion of gas-phase molecules at room temperature. The total resulting broadening of the electron spectra, including instrumental broadening and Doppler broadening, is better than 60 meV.
During the measurements, the storage ring is operated in top-up mode with a constant electron current of 401 AE 1 mA, and the photon intensity is monitored using an AXUV100 silicon photodiode from IRD, Inc. RPE spectra are recorded for the vibrational substates ¼ 0-6 of the N 1s ! Ã core-excited state (see Fig. 1 ). All spectra are normalized with respect to gas pressure, photon flux, and measurement duration and are energy calibrated with respect to the photoionization potential of N 2 of 15.58 eV [10] .
III. THEORETICAL FRAMEWORK
The electronic ground state of the nitrogen molecule is
). The x-ray Raman scattering process studied here transfers the neutral N 2 from its ground state to a number of excited electronic states of the singly ionized molecule with the emission of one electron of energy E k from a valence orbital. This process is enhanced when the photon energy @! is tuned in resonance with the lowest core-excited state N 1s ! Ã . The PECs of the ground, core-excited, and final ionic states of N 2 are computed using the CI approach implemented in the GSCF3 quantum chemical package [41, 42] . We use the Huzinaga et al. basis set and polarization function (10s7p1d) [43] contracted as [5221=52=1]. A full valence CI for the 2 g , 3 g , 2 u , 3 Ã u , 1 u , and 1 Ã g orbitals and single and double CI for the external orbitals from the full valence space (namely, second-order CI) is performed. The results of the ab initio PEC calculations are presented in Fig. 2 . The present basis set and the CI size are sufficient to describe the nondynamical electron-correlation effects due to valence-type orbitals but are not sufficient to describe the dynamical electron-correlation effects or the diffuse character orbitals, such as Rydberg states. Small constant energy shifts of the PECs (& 0:5 eV) are introduced based on the comparison of the computed energy of the lowest vibrational sublevel with the experimental spectra. Such a calibration is necessary in order to correct the insufficient description of the dynamical electron-correlation effects in the present calculations, and it does not affect the modeling of the dynamics discussed in this paper.
In the time-dependent formulation of the KramersHeisenberg formalism using the autocorrelation function [44, 45] , the scattering cross section 0 ðÞ in terms of the time elapsed from the starting point is given by
Here, the first term describes the resonant channel, while the second and third terms are responsible for the direct and interference contributions, respectively. In the present study, we focus on highly excited ionic states with binding energy E b ¼ @! À E k > 22 eV, where the direct ionization channel is rather weak compared to the resonant one jAj ( 1. Because of this condition, the direct and the resonant-direct interference terms are neglected in the subsequent discussion. The wave packets required for the calculation of the time-dependent cross section using the first term of Eq. (1) are [45] jÉð0Þi
where E 0 is the ground-state energy, 
where À f is the final-state lifetime broadening (FWHM), which is much smaller compared to the experimental broadening ¼ 0:06 eV. Therefore, the accuracy of its value is not important for the RPE profile broadening, and in the simulations we use À f ¼ 10 À5 eV for all final states. Figure 2 clearly shows several avoided crossings in the ionic final-state manifold. Near these points, the BornOppenheimer approximation is no longer valid, and vibronic coupling between the diabatic electronic configurations has to be taken into account [47] . In that case, the wave-packet evolution in the final state is defined by the following nuclear Hamiltonian [34] :
where E m ðRÞ is the diabatic potential-energy curve of the mth electronic state, V mn is the interaction matrix element between states m and n, is the reduced mass of the molecule, and R is the internuclear distance. Moreover, the Auger decay rate À A in Eq. (2) can now be replaced by the column vector À y A that consists of the Auger decay rates to all final diabatic states. The interaction matrix elements V mn can be estimated from the splitting of the adiabatic PECs near the avoided crossings obtained in the CI calculations. In the present simulations, we assume that the transition dipole moment d and the Auger decay rates À y A are independent of the internuclear distance along the diabatic potential curve prior to the nonadiabatic interaction. This rather common approximation may, however, be the cause of some minor discrepancies between the numerical results and the experimental spectra. The total spectrum is obtained as a superposition of the spectra computed for each final state independently, except for the vibronically coupled states (see Sec. IV B). Here, we use experimental values of the Auger decay rates that are obtained by fitting the total theoretical spectra to the experimental ones: Six independent measurements at various excitation energies make that fit particularly robust. The experimental and Doppler broadenings are taken into account by the convolution of the computed spectra with a Gaussian of FWHM ¼ 0:06 eV.
IV. RESULTS AND DISCUSSION
A. General analysis of the RPE spectra in the binding-energy range of 22-34 eV Figure 3 shows the experimental RPE spectrum recorded with an excitation energy tuned in resonance with the lowest vibrational sublevel ¼ 0 of the core-excited state ( Fig. 1) , as well as the assignment of the main spectral features. A detailed comparison of the experimental and the theoretical RPE spectra, computed for various excitation energies, is presented in Fig. 4 . At least 12 final electronic states have to be taken into account in order to obtain a reasonable agreement with the experimental RPE 
Binding energy (eV) profiles. All 12 final-state contributions for the excitation of ¼ 1 and ¼ 2 are shown in Supplemental Fig. 1 [48] . The long-tail feature below 23.6 eV observed in the RPE spectra ( Fig. 3) is unambiguously assigned to the highly excited, vibrational progression of the 1 2 Å g state, which was tentatively identified in previous RPE measurements [28] , but which was not well characterized due to the limited spectral resolution. Driving the system through the highly excited vibrational sublevels of the intermediate state allows this vibrational progression to be ''pulled out'' from the region of significant overlap with other electronic states above 23.6 eV (see Figs. 4 and 5) . In Section IV C, we will show how the high vibrational excitation (up to ¼ 6) in the intermediate state can be used for detailed characterization of the 1 2 Å g ionic state. There is another state (1 2 Á g ) in the energy region below 23.6 eV that is completely hidden by the other electronic states in the case of the ¼ 0 excitation (Fig. 3) . Only a few sublevels of the 1 2 Á g vibrational progression are observed at the ¼ 3 excitation (Fig. 5) , while its detailed analysis becomes Binding energy (eV)
FIG. 3. Experimental resonant
Auger spectra with x-ray photon energy tuned to the ¼ 0 vibrational resonance of the N 1s ! Ã core-excited electronic state (see Fig. 1 ). The assignment is made using the original ab initio calculations and some previous photoelectron studies; see Refs. [10, 16, 18, 20] . (Figs. 3-5 ). The strong vibrational progression starting at 23.58 eV is well known to be related to the 2 2 AE þ u state. This state benefits from rather large strengths in both valence photoelectron [10] and RPE [28] spectra. Other vibrational progressions were previously identified and assigned to the 2 2 Å g or 1 2 Á u states based on measurements using photoelectron spectroscopy [10, 16, 17] . Our numerical simulations show that at least five electronic states make considerable contributions to the RPE spectrum in that energy range (Fig. 5) . The variation of the excitation energy makes possible a better understanding of the spectral structure. Thus, in the case when the photon energy is tuned in resonance with the ¼ 0 sublevel of the core-excited state, the first strong peak at 23.58 eV is formed exclusively by the lowest vibrational sublevel of the 2 2 AE þ u state, while, in the case of ¼ 3 excitation, this resonance is formed collectively by the vibrational sublevels of the 2 2 AE þ u and the 1 2 Á u states (see Fig. 5 ). As recently shown by the present authors [29] , in the case when the photon energy is tuned to the ¼ 6 sublevel of the intermediate state, the peak at 23.58 eV is formed exclusively by the 1 2 Á u state. Such a kind of dependence on excitation energy can be explained using general remarks concerning the PECs of the intermediate and final states. Indeed, the minimum of the PEC of the 2 2 AE þ u state is shifted by an insignificant amount, ÁR 0:1 # A (Fig. 2) , relative to the PEC of the core-excited state, and the core-excited vibrational wave function ¼ 6 then has almost no overlap with the ¼ 0 vibrational wave function of the 2 2 AE þ u state. On the other hand, the potential of the 1 2 Á u final state is shifted toward a longer bond length ÁR % 0:3 # A, and the Franck-Condon (FC) amplitude of the vibrational transition from the ¼ 6 core-excited state to the ¼ 0 final state is large. The vibronic coupling between the 1 2 Å g and 2 2 Å g states found in that energy region only slightly affects the spectral structure, and this effect is discussed in detail in Sec. IV B.
In the range of 24-27 eV (Fig. 6 ), the RPE spectrum mostly arises from the high-energy tails [49, 50] of the electronic states found in the spectral region below 24.5 eV (Fig. 5) . It is worth noting that scattering via the higher vibrational sublevel ¼ 3 of the intermediate state results in a longer vibrational progression of the 2 2 AE þ u final state as compared to the case of ¼ 0 (Fig. 6) . Therefore, the detailed analysis of the RPE spectra for several excitation energies (Fig. 4) allows more accurate information concerning the PECs of the final states [29] to be collected (see also Sec. IV C). Some discrepancies between the experimental and the theoretical vibrational progressions, observable in Fig. 6 , indicate that we need more accurate ab initio PECs. The avoided crossing found in our ab initio calculations (Fig. 2) þ u state appears on top of a high background formed by broad dissociativelike features related to the left (short internuclear distance) classical turning points in the PECs of the final electronic states (Fig. 2) .
Above a binding energy of 27 eV, the RPE spectrum (Figs. 3 and 7) is formed by broad features related to the highly excited electronic states (2 2 
2 Å u , and 3 2 Å g ) with a dissociative character in the FC region of the core-excited state (Fig. 2) Fig. 7 ). There are also a few sharp features in that energy region. There is first the sharp peak at 27.8 eV, which is assigned to the 2 2 Å u state. Because of the avoided crossing with the higher 2 Å u states, the 2 2 Å u PEC becomes almost flat in the FC region (see Fig. 2 ), which results in a rather sharp feature when the well-localized vibrational wave packet ( ¼ 0, ¼ 0 and 1, and ¼ 1) of the core-excited state is involved in the scattering process (see Fig. 4 ). The influence of vibronic coupling in that case is discussed in Sec. IV B. The second sharp feature-the vibrational progression at 28.5-28.8 eV, observable at high excitation energies > 1 (Fig. 4) -results from the vibrational sublevels of the 3 2 AE þ g potential well (see Fig. 2 ). The dependence on excitation energy of that feature found in the experiment is well reproduced by our numerical simulations. The sharp vibrational progression at a binding energy of about 31 eV (Fig. 3) can be assigned to the Rydberg series, converging to the doubly ionized nitrogen molecule [18, 51, 52] , which is not taken into account in our ab initio simulations.
B. Nonadiabatic coupling of the final states in the RPE spectra
The coupling between electronic states due to vibrational motions is shown to be very important for the nuclear dynamics in the excited states [53] . In particular, a strong effect of the nonadiabatic vibronic coupling between bound Rydberg and dissociative valence core-hole states has been observed in x-ray absorption [54] and in radiative and nonradiative resonant x-ray scattering spectra [34, 55, 56] . In the present study, the vibronic coupling is found among several valence-excited states of N þ 2 (see Fig. 2 ). Near avoided crossings, the electronic and nuclear dynamics are coupled and the Born-Oppenheimer approximation is no longer valid. In some cases, one can still get reliable results by using the independent vibrational wavepacket description based on the adiabatic (strong-coupling) or diabatic (weak-coupling) approximations. Quite often, however, these approximations fail to properly describe the nuclear dynamics when the avoided crossing point lies in the FC region of the electronic transition [47, 54] , and then vibronic coupling has to be taken into account, as presented in Eq. (4). The interaction matrix elements V mn can be estimated from the ab initio calculations as one-half of the energy splitting ÁE nm between the adiabatic states near the avoided crossing point. In the present case, there are two energy regions where the RPE spectrum may be affected by vibronic coupling: (1) the avoided crossing of the 1 2 Å g and 2 2 Å g states at 24 eV [see Fig. 8(a) ] and (2) the mixing of three states of 2 Å u symmetry (2 2 Å u , 3 2 Å u , and 4 2 Å u ) near 28 eV [see Fig. 8(b) ]. The interaction matrix elements V nm in these cases are V 1 2 Å g ;2 2 Å g % 0:13 eV (at R ¼ 1:2 # A), V 2 2 Å u ;3 2 Å u % 0:17 eV (at R ¼ 1:40 # A), and V 3 2 Å u ;4 2 Å u % 0:13 eV (at R ¼ 1:60 # A). The electronic configurations of these states around the avoided crossing points are collected in Table I . In the case of the 2 Table I ]. The electronic structure analysis suggests a rather weak coupling of these states around 1.2 Å , which is also supported by a relatively small value of the interaction element V 1 2 Å g ;2 2 Å g . As discussed above, the diabatic representation in this case may be quite relevant. Baltzer et al. [10] have reached a similar conclusion based on ab initio studies of the photoelectron spectra. The use of the diabatic 1 2 Å g and 2 2 Å g PECs for the RPE simulations also produces a rather good overall agreement with the experiment (Figs. 5 and 6 ), although it is difficult to completely single out the 2 2 Å g -state vibrational progression from the experimental data due to its relatively small amplitude and its strong overlap with other states in the region above 24 eV. In any case, the effect of the vibronic coupling is not so strong and is located just around the avoided crossing point between 23.8 and 24.4 eV. This fact is illustrated in Fig. 9(a) , which compares the RPE profiles, computed either by taking into account the vibronic coupling or for the diabatic 1 2 Å g and 2 2 Å g states implying no couplings. (a) RPE spectra related to the isolated 1 2 Å g and 2 2 Å g states compared to the calculations that take into account the vibronic coupling between them. (b) Total theoretical RPE profiles related to the 2 Å u states computed using the diabatic (shaded areas) and adiabatic (dashed lines) PECs (see Fig. 8 ).
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The main electronic configuration of the 2 2 Å u adiabatic state at short bond length is (22220 2111), namely, Table I ], which is regarded as the 1 u electron emission from the correlated configuration
Tracing this configuration at the larger internuclear distance produces the lowest diabatic state, which is shown in Fig. 8(b) by the dashed red line. A nearly flat PEC of the diabatic state around the FC region results in a sharp feature observed near 27.8 eV at ¼ 0 excitation (see Figs. 4 and 7 ), which appears on top of the rather broad, dissociativelike resonance related to the 2 2 AE þ g state. The use of the higher intermediate vibrational sublevels with broader wave functions disperses the feature and makes it weaker [see Fig. 9(b) ]. The RPE profiles computed based on the diabatic and adiabatic representations of the 2 Å u electronic states show only minor differences that can be explained by the fact that, even at ¼ 3, the right turning point of the core-excited vibrational wave packet lies around 1.3 Å and cannot cover the avoided crossing point found at 1.4 Å (see Fig. 10 ). One needs to use an even higher vibrational excitation of the intermediate state to study the region of vibronic coupling, according to the principle described in Sec. IV C. The coupling of the 3 2 Å u and 4 2 Å u states does not play any role in the spectral structure since the avoided crossing point lies even further away from the FC region.
C. Imaging molecular potentials using ultrahigh-resolution RPE
Owing to the unique spectral resolution and photon flux available in our experiment, we are able to reconstruct molecular potentials from the RPE spectra recorded in a broad range of x-ray energies, allowing the size of the vibrational wave functions in the core-excited state to be accurately controlled [29] . The ultrahigh-resolution RPE spectra recorded on top of the first seven ( ¼ 0-6) vibrational sublevels of the N 1s ! Ã core-excited state of molecular nitrogen are used for the procedure of potential reconstruction (see Fig. 10 ). The fully resolved vibrational progressions shown in Fig. 10(c) are not an enlargement of the spectra shown in Fig. 4 but a separate set of measurements performed for a shorter bindingenergy range of 21.5-24 eV in order to improve the spectral resolution, which is estimated here to be about 52 meV. The x-ray absorption peaks related to the ¼ 5; 6 sublevels are almost invisible in the x-ray absorption spectra (see Fig. 1 ) due to the low corresponding oscillator strength, which results in a very low emission intensity of the resonant Auger electrons. However, the use of such highly excited vibrational sublevels is essential for the accurate potential reconstruction since only these states-owing to the wide distribution of their wave functions-are able to populate the lowest vibrational substates in the 1 2 Å g and 1 2 Á g final electronic states that are targeted in this study.
In order to reconstruct the PEC of the 1 2 Å g and 1 2 Á g final electronic states, the vibrational progressions have been analyzed in the binding-energy interval of 21.9-23.5 eV. Using the superposition of the RPE spectra shown in Fig. 10(c) , the vibrational energies E f of the 17 lowest vibrational sublevels f are clearly identified in the case of the 1 2 Å g state and of the five lowest vibrational sublevels for the 1 2 Á g state [see Figs. 10(b) and 10(c)] by fitting them to a sequence of Gaussian peak shapes [57] . We then perform a least-squares fitting of the vibrational progression
in order to obtain the harmonic frequency ! e and the anharmonicity ! e x e for each potential. Here, E min is the minimum of the PEC. Extracted PECs are plotted [ Fig. 10(b) ] using the general Morse (GM) function:
As it is well known [58] , the GM function provides a more accurate representation of the potential shape as compared to the standard Morse function. In the above equations, r ¼ R À R e , R e is the bond length at the bottom of the potential, and D is the depth of the potential well. (The dissociation Table II and compared with values available in the literature. We would like to point out that the 1 2 Á g state has never been observed before since its vibrational progression becomes visible only after high vibrational excitation ( ! 3) of the intermediate state in the RPE process that has not been explored prior to the present measurements.
The statistical uncertainties for the spectroscopic constants presented in Table II (except for R e ) are found as the standard deviations from the least-squares fit to the vibrational progression (5) . For the estimation of the uncertainty in R e , we suppose that the change in the FC distribution computed with a variation of the equilibrium distance R e AE ÁR e must lie in the confidence interval of the experimental spectral intensities (e.g., statistical fluctuations). The resulting uncertainty in the determination of the reconstructed molecular potentials, expressed as PEC thickness in Fig. 10(b) , is computed using standard techniques of error propagation [61] for the GM function (6) .
The Rydberg-Klein-Rees method [59] for direct reconstruction of the potentials is not applicable in the present case since the resolution of the rotational sublevels is not available in our experiment. However, we have shown that extraction of the vibrational energies together with the fitting of the FC vibrational distribution allows us to determine the parameters of the potential-energy curves with satisfactory accuracy. In general, the more extended the vibrational progression analyzed is, the more accurate the values are for the anharmonicity and the depth of the potential well, as one can conclude from the comparison of the uncertainties for the 1 2 Å g and 1 2 Á g states' parameters in Table II .
D. Mapping of vibrational wave functions using bound final states
The phenomena of the mapping of vibrational wave functions were predicted in the framework of the resonant x-ray scattering theory applied to the excitation or decay processes that involve dissociative final states [30] . Indeed, the resonant scattering cross section is shown to be proportional to the square of the wave function of the vibrational sublevel involved in the scattering process [30, 62, 63] . Thus, the spectral shape of the RPE profile mimics the space distribution of the square of the vibrational wave function. In spite of the recent progress in vibrational motion imaging by pump-probe techniques using ultrashort laser pulses [64, 65] , only a few direct spectroscopic measurements related to the predicted mapping phenomenon have been performed at synchrotrons [66, 67] . The main obstacle here is a collective excitation of vibrational sublevels when the lifetime broadening or the photon bandwidth is comparable or broader than the vibrational spacing in the core-excited state. In the present experiment, thanks to the ultrahighresolution conditions and a considerably smaller lifetime broadening compared to the vibrational spacing, we have successfully measured the RPE spectra of N 2 , following selective N 1s ! Ã vibrational excitations, in a sublifetime regime. Using an x-ray bandwidth ( 20 meV) much smaller than the lifetime broadening of the core-excited state (115 AE 4 meV) allows a given vibrational sublevel of the core-excited state to be selectively excited. In these conditions, the RPE spectrum for a final dissociative state represents the shape of the excited-state vibrational wave function, according to the reflection principle [68] . Moreover, in the present work, going beyond the original prediction related to dissociative final states, the mapping of vibrational wave functions is successfully carried out using bound final states of N þ 2 . The specificity of the mapping of the vibrational wave functions onto the bound final states is illustrated schematically in Fig. 11 (a) using the 1 2 Å g state as an example. The final-state PEC is considerably shifted toward the longer bond length, as compared to the PEC of the coreexcited state, and, due to this shift, the final state shows a dissociativelike character in the FC region of the first excited vibrational substate É 1 . Indeed, the left classical turning point (short bond length) of the wave packet corresponds to a binding energy above the dissociation limit of the 1 2 Å g state, which results in a broad dissociativelike spectral feature [see (1) in Fig. 11(a) ]. The right classical turning point (large bond length) of the core-excited wave packet corresponds to a binding energy below the dissociation limit of the final state: This part of the wave function generates a vibrational progression on top of the broad resonance (2) in Fig. 11(a) [24] [25] [26] [27] . Nevertheless, Reference [60] .
the total envelope of the RPE profile maps the square of the vibrational wave function jÉ 1 j 2 of the core-excited state with reasonably high accuracy. Apparently, the slope of the final-state PEC in the FC region affects the energy interval between the spectral features that reflect the nodal structure of the vibrational wave function of the core-excited state. In the present case, the steepness of the 1 2 Å g PEC is reduced considerably in the FC region, which results in a narrowing of the feature (2) in the RPE spectrum shown in Fig. 11(a) . This observation is very important since it may be used for solving the inverse problem, e.g., finding the final-state PEC, with the help of known vibrational wave functions of the core-excited state when the mapping of wave functions is identified experimentally. It is worth noting that the PEC reconstruction using only the correspondence between the nodal structure of the vibrational wave functions and the RPE spectra may result in rather poor accuracy and that an additional fitting of the potential parameters is usually needed [69] .
Theoretical RPE spectra for the three bound final states (1 2 Å g , 2 2 AE þ g , and 3 2 AE þ g ) where the mapping phenomenon is most pronounced are shown in Fig. 11(b) . Here, we monitor the change of the profiles when tuning the excitation energy in resonance with four core-excited, vibrational sublevels. Indeed, the envelopes of the RPE spectra mimic the corresponding profiles of the square of the excited wave functions jÉ i j 2 ði ¼ 0; 1; 2; 3Þ [see the inset in Fig. 11(a) ] according to the mapping principle discussed above. Visual identification of the mapping effect onto the three final states in the experimental spectra is possible for the two lowest core-excited vibrational substates ¼ 0; 1 (see Fig. 4 ). The broad peaks at 27.9 and 29.6 eV ( ¼ 0), assigned to the 2 2 AE þ g and 3 2 AE þ g final states, respectively, are split into two components in the ¼ 1 RPE spectrum-27.5 and 28.3 eV (2 2 AE þ g ) and 29.1 and 30.3 eV (3 2 AE þ g )-that reflect the nodal structure of the jÉ 1 j 2 function. Similarly, the splitting of the broad 1 2 Å g peak at 23.8 eV ( ¼ 0) is illustrated by a spectral feature at 23.1 eV in the ¼ 1 experimental spectrum, while the high-energy feature at approximately 25 eV is hidden by the other states. Unfortunately, for higher excited vibrational sublevels, the nodal structure is not directly visible in the region above 24 eV due to the high density of final states, and theoretical support becomes crucial for a thorough interpretation of the experimental data related to the mapping phenomenon.
E. Controlling ultrafast wave-packet dynamics through vibrationally selective inner-shell excitation
It is instructive at this stage to additionally analyze the time evolution of the final-state wave packet jjÉðÞij [Eq. (2) ] in connection to the phenomenon of mapping of the vibrational wave functions onto the bound final states. Figure 12 presents the dynamics of the vibrational wave packets for the 1 2 Å g electronic state following the core excitation of selected intermediate vibrational sublevels ¼ 0; 1; 2; 3. Since the intermediate N 1s ! Ã electronic state is bound, the core-excited wave packet jÉð0Þi [Eq. (2)], used as the initial condition for the propagation of the final-state wave packet, resembles the corresponding stationary vibrational wave function (see Fig. 12 ; % 0). In the FC region [covering the dissociation limit; see Fig. 11(a) ], the 1 2 Å g -state PEC exhibits both bound and dissociative character. Therefore, the final-state wave packet (2) can be split into two parts that describe the continuum and the bound nuclear states: Binding energy (eV)
Core-excited state ð f À f À1 Þ ¼ ½@! e À 2 f @x e ! e ¼ , and using 1 2 Å g PEC constants from Table II , we obtain the time when the vibrational beating starts at % 50 fs, in agreement with Fig. 12 . When propagating from the left to the right classical turning point and back, the final-state wave packet overlaps with more and more vibrational wave functions, f ¼ 26 AE n (n ¼ 1; 2; 3; . . . ). With increasing n, the spacing j f À 0 f j % n@! e between the interfering vibrational sublevels becomes larger. The increased spacing results in a shorter time scale (approximately 7 fs) for the interference pattern observed in Fig. 12 at larger times .
As discussed in Sec. IV C, the increase in excitation energy allows us to control the extension of the coreexcited wave packet jÉð0Þi [ Fig. 10(a) ], which covers an increasingly wide range of continuum and bound parts of the final-state wave functions. Let us now discuss the fascinating opportunity of being able to control the finalstate wave-packet dynamics, as illustrated by the particular case of the core excitation to the ¼ 3 vibrational substate. According to the reflection principle, the four nodes of jÉ 3 j 2 [see the inset in Fig. 11(a) ] will result in the 1 2 Å g state in four spectral features (peaks), as shown in the lowest panel of Fig. 11(b) . The two high-energy spectral features have a continuum character, while the two lower ones have a bound character, as confirmed by the apparent vibrational substructure. Very interestingly, the four branches of the wave packet shown in Fig. 12 ( ¼ 3) appear to correspond to the four nodes of the vibrational wave function jÉ 3 j 2 of the core-excited state; they are well split and clearly exhibit both continuum and bound behaviors. The lowest branch in Fig. 12 ( ¼ 3) is related to the high-energy part of the wave packet (associated with the left peak of jÉ 3 j 2 ) propagating rapidly toward the dissociation region, while the second continuum branch has a lower propagation speed (higher slope) due to the lower energy. Similarly, the two bound branches of the wave packet exhibit two different oscillation periods: The lowenergy branch that overlaps with the lower vibrational sublevels has a half-period of approximately 40 fs, while that of the high-energy one is approximately 70 fs.
Our time-integrated experiment measures the halfFourier transform of the wave packet jÉðÞi [see Eqs. (1) and (3)] and displays both dissociative and oscillatory parts of the wave packet (7) as separate spectral features. The propagation of the wave packet above the dissociation limit, toward long distances, forms the diffuse broad peak, while the bouncing about of the wave packet inside the potential well results in a spectral band composed of narrow vibrational resonances [see Fig. 11(a) ]. As clearly seen in the panels of Fig. 12 , the final-state wave-packet dynamics is different for different vibrational sublevels of the core-excited state. Both the wave packet jÉðÞi (Fig. 12 ) and the spectrum [ Fig. 11(b) ] are very sensitive to the dynamics in the core-excited state that are controlled by variation of the photon frequency [14, 70] . Steering of the wave-packet dynamics in the final ionic state is thus possible through the control of the excitation energy. It is worth noting that it should be possible to directly observe the dynamics of the wave packet shown in Fig. 12 in a time-resolved pump-probe experiment that now becomes possible at modern free-electron laser facilities [71] .
V. CONCLUSIONS
We have performed a detailed study of the valenceexcited states of N þ 2 in a broad binding-energy range of 22-34 eV using resonant photoelectron spectroscopy. The measurements are performed for nine excitation energies throughout the N 1s ! Ã resonance. Synchrotron radiation with high brightness and a narrow bandwidth has allowed us to perform measurements in a sublifetime regime, exciting a particular vibrational substate (up to ¼ 6) of the intermediate N 1s ! Ã core-excited state and therefore controlling the spatial extension of the vibrational wave function. With the help of theoretical analysis, including configuration-interaction ab initio calculations for the electronic structure and the time-dependent description of the nonadiabatically coupled vibrational wave packet, 12 electronic states forming the spectator bands have been assigned and accurately characterized, some of them for the first time. These characterizations were not achievable in previous RPE or conventional photoelectronspectroscopy measurements and have only become possible in our experiment by tuning the excitation energies up to those of the highest-vibrational-quantum-number, lowcross-section vibrational substates, a key feature that overcomes the rather common issue of overlapping molecular spectral bands. Analysis of the role of vibronic coupling between the final ionic states does not show strong effects in the Franck-Condon region. However, the avoided crossing points identified far from the Franck-Condon region may affect the spectra measured after excitation of high vibrational sublevels of the intermediate state.
We have shown how RPE spectroscopy via highly excited intermediate vibrational substates makes it possible to accurately reconstruct the ionic potential-energy curves and to image the potentials of the 1 2 Å g and 1 2 Á g states, the latter of which is observed in our experiments for the first time. Ultrahigh spectral resolution, together with advanced theoretical simulations, have allowed us to clearly demonstrate a core-excited phenomenon of the mapping of wave functions. Going beyond the initial prediction made for dissociative final states, we have shown that this mapping phenomenon is also observable for bound final states far from the equilibrium geometry. With the help of time-dependent numerical simulations, we have shown that the ultrafast (fs) final-state wave-packet dynamics can be steered by the control of excitation energy, allowing the selection of the vibrational wave functions in the core-excited state to be made. Using the textbook example provided by the nitrogen molecule, we have shown the richness of the RPE framework that combines state-of-theart experimental and theoretical methods. The approach is general and can be extended to advanced studies of the excited ionic states of larger molecular species and easily transposed to neutral molecular states by detecting the radiative decay. 
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